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A simple example of the weak discontinuity of
f 7→
∫
det∇ f
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Abstract
In this short note I construct a sequence of conformal diffeomorphisms fn from
the d-dimensional unit ball to itself that converges weakly to a constant in W1,d. This
is a simpler example than the ones that commonly appear in the literature for the
discontinuity of the functional f 7→
∫
det∇ f in the weak W1,d-topology, and shows
that this discontinuity is not due to shear or failure of injectivity. It is also a minimizing
sequence of the W1,d norm among functions of a given volume of the image.
1 Introduction
Let Ω ⊂ Rd be a bounded open set, and let p ∈ (1,∞). One of the basic theorems in the
direct methods in the calculus of variations states that ifW : Rd×D → R is quasiconvex and
satisfies
− α(1 + | · |q) ≤ W(·) ≤ α(1 + | · |p) (1.1)
for some α ≥ 0 and q ∈ [1, p), then the functional
I( f ) =
∫
Ω
W(∇ f (x)) dx
is weakly lower semicontinuous in W1,p(Ω;RD) (see e.g. [Dac08, Theorem 8.4]; see [BK17,
Definition 3.10] for a slight generalization of the lower bound condition). The standard
example for showing the failure of lower-semicontinuity in the case of critical growth q = p
in the lower bound (1.1), is that the functional
Idet( f ) =
∫
Ω
det∇ f (x) dx
is neither lower-, nor upper-semincontinuous in the weak W1,d(Ω;Rd) topology. This is
shown by the following example, which is due to Tartar, and given in [BM84, Example 7.3]
(also in [Dac08, Example 8.6]):
fn : (0, a)
2 → R2, fn(x, y) := 1√
n
(1 − y)n(sinnx, cos nx),
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for a ∈ (0, 1). A simple calculation shows that fn → 0 uniformly and weakly in W1,2,
however,
lim
n→∞
∫
(0,a)2
det∇ fn = − a
2
< 0.
Note that fn are highly oscillatory and non-injective, have a lot of shear, and that the
images of fn do converge to zero (since fn → 0 uniformly). Another example, in which
the sequence has a fixed image, can be found in [BK17, Example 3.6]; this example is also
non-injective (in fact, it equals zero in asymptotically all of the domain) and has shear.
These examples raise the following question:
Does
∫
Ω
det∇ fn(x) dx → 0 for a sequence of embeddings fn : Ω → Rd that
converges weakly inW1,d to zero?
In this short note I show that the answer to this question is negative, and that, in fact,
there are very simple conformal mappings fn ⇀ 0 whose images are a fixed ball. The
failure of continuity is due to concentration of ‖d fn‖Ld near the boundary; this is a general
phenomenon, as discussed in [BK17, Section 3].
This example should also be compared with [Mu¨l90], which shows that if fn ⇀ 0 are
embeddings then det∇ fn ⇀ 0 locally in L1 (this result is part of the large literature on
convergence of det∇ fn in various topologies; see e.g. [FLM05] and the references therein).
The conformal example shows that a (global) weak L1 convergence can fail for functions
”as nice as possible”.
2 The example
Let
fn : B(0, 1) → Rd, fn(x) = 2
n
x − an
|x − an|2
, an = (1 + 1/n, 0, . . . , 0). (2.1)
Since fn is a Mo¨bius transformation, it maps spheres to spheres, and since
fn(1, 0, . . . , 0) = (−2, 0, . . . , 0), fn(−1, 0, . . . , 0) =
(
− 2
2n + 1
, 0, . . . , 0
)
,
it follows that fn(B(0, 1)) is a ball of radius 1 − 12n+1 . Therefore
∫
B(0,1)
det∇ fn → Vol(B(0, 1)).
Since fn are conformal, it follows that ‖∇ fn‖Ld is uniformly bounded, and since the image
of fn lies inside a ball of radius 2, it follows by Poincare´ inequality that ‖ fn‖W1,d is bounded.
Since fn(x) → 0 for every x , (1, 0, . . . , 0), it follows that fn ⇀ 0 in W1,d. By translation and
dilation, the functions fn can be transformed into diffeomorphisms of the unit ball to itself,
and still converge to a constant. A failure of weak lower-semicontinuity can be obtain by
considering g ◦ fn for some anticonformal map g, e.g. a refection with respect to an axis.
We conclude with another simple and nice corollary that follows from this example:
Corollary 2.1 For a given c > 0, let
Ac =
{
f ∈W1,d(B(0, 1);Rd) :
∫
B(0,1)
det∇ f = c
}
, Bc =
{
f ∈ W1,d(B(0, 1);Rd) : Vol( f (B(0, 1)) = c
}
.
2
Then
inf
Ac
‖ f ‖d
W1,d
= inf
Bc
‖ f ‖d
W1,d
= dd/2c, (2.2)
and the infimum is not attained.
Proof : Recall that |∇ f |d ≥ dd/2|det∇ f |, and equality holds for conformal maps (this is essen-
tially the arithmetic-geometric mean inequality for the singular values of ∇ f ). Therefore,
we have
‖ f ‖d
W1,d
≥
∫
B(0,1)
|∇ f (x)|d dx ≥ dd/2
∫
B(0,1)
|det∇ f (x)| dx.
The righthand side is larger than both
∫
B(0,1)
det∇ f and Vol( f (B(0, 1)), and therefore
inf
Bc
‖ f ‖d
W1,d
≥ dd/2c, inf
Ac
‖ f ‖d
W1,d
≥ dd/2c.
The functions fn in (2.1), multiplied by an appropriate constant such that fn ∈ Ac ∩ Bc,
satisfy
lim
n→∞ ‖ fn‖
d
W1,d
= dd/2c,
since fn are conformal and fn → 0 strongly in Ld. This proves (2.2). If the infimum is
attained by some f then
‖ f ‖d
W1,d
=
∫
B(0,1)
|∇ f (x)|d dx,
which implies f = 0, in contradiction. ■
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